Chapter-2
Correlation Analysis

3 1 Simple Correlation Analysis

In a bivariate distribution, if the change in one variable is accompanied by a change in the
sther variable in such a way that an increase in one variable results in an increase or decrease in
e other, then the two variables are said to be correlated. For example, income and expenditure,
seights and weights of students in a class, price and demand of certain commodities.

If the increase (or decrease) in one variable results in a corresponding increase (Or decrease)
. the other, correlation is said to be direct or positive. But if the increase (or decrease) in one
variable results in a corresponding decrease (or increase), in the other, correlation is said to be
negative. If two variables vary in such a way that their ratio is always constant, then the

correlation is said to be perfect.

When we plot the corresponding values of two variables, taking one on X-axis and the other
along Y-axis, it shows a collection of dots. This collection of dots is called a dot diagram or a
scatter diagram.

If all the plotted points lie in a straight line and show an upward trend, then the correlation is
perfect positive. If all the plotted points lie in a straight line and show a downward trend, then the
correlation is perfect negative. |

If the plotted points are not on a straight line but seem to be scattered around a straight line,
the variables are correlated. Closer the scatter of points around a line, higher is the degree of

correlation. If the plotted points are not clustered around a straight line but are widely scattered
over the diagram, then there 1s a very low degree of correlation between the variables. If the

plotted points show no trend at all, then the variables are independent and are not correlated.

2.2 Uses of Correlation

Correlation studies, if used appropriately, are important to science. In an experiment, it is
important to determine a correlation because then a hypothesis can be proven or disproven.
Without correlation, a theory is just a theory. There is no real life facts or proof.

Onee correlation is known it can be used to make predictions. When we Know a score on
One measure we can make a more accurate prediction of another measure that is highly related to
iL. The stronger the relationship between/among variables the more accurate the prediction is.

Correlation and regression analysis can help business to investigate the determinants of key
variables such as their sales.
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2.4 Karl pearson’s Coefficient of Correlation

" The correll,ation coefficient r (x, v) between two variables x and y is given by

N COV(xsy) '_—_w
r(xy)= mm OxOy

r(x,y) is also denoted by p(x,y)or ry,orsimply by r.

1 Z (x; =x)y; —¥)
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If the values of x; and y;’s are large or involve fractions, then define

L X=a yi —b
u; =" 204 Vi‘:yl s

h nall
Where a and b arc assumed means of x-series and y-series respectively, h and k are const
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I]:“s property Is known as Chaﬂge of orlgm and scale. Correlation coefficient HE U 1dependent o
“hange of origin and scale. In this r(x, y) 1s given by the formula: '
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Example 5. Calculate the Karl Pearson’s coefficient of correlation for the following dats

2

Corrected r(x, ¥)=

It

= (.66

5x676-30x100
J5%220 - (30) 5% 2568 - (100)

3380 - 3000
= J1100-900+/12840 - 10000
'750%%40 S
Example 6. Calculate the Karl Pearsen’s coctlicient of correlation by
followmg data:
I 1: 50 | 153 | 184 | 1ss | o4sy |
¥ 65 * 6HO T a7 | "?u, MI 1
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Example 7. Calculate the rank oorreldtlon coeftncnent for the following data:

Student v | v v vn | IX _______{(___J
Rank in Phys. n - T4 3 |
| Rank in Stats, | ] - 6 ‘ 7 8 9 10

Solution




The rank correlation coefficient is given as:

=1-1.697 = -0.697
Example 8. Calculate the rank correlation coefficient from the followmg data

EHEEEEI

LAE L L' 26 | 20

Solution  Here, the values of x and y are given and n =10. First find the ranks and then
difterences. | E
X Y | d.= X -40 I = Y -28 i d% ‘ dﬂ% l
20 30 -20 l > 400 A 0
24 20 -16 | -8 | 256 64
16 12 24 | -16 576 256
36 | 52 4 16 576
44 | 34 | 4 16 16 36
- 48 26| 8 | 2 64 : BB
70 | 20 | 30 | -8 9000 | 64
258 | 194 2 P g 2228 | looéim

In series x, 16 is repeated 3 times, hence my =3. In series y, 13 ¢ m
times each, hence m, =2 and niy; =2.

Therefore, the correlation coefficient for repeated rank is given by
oy 23 dydy - (Zd X XZ dy )
r(x,y)= ——'——2-—"—?‘“"*"7————;"

U"de _(de) v v

uZd" (Zd)’

7 %144 - (—-2") ' "")_““___

|7 % 2228~ (- 22 “-\/;xlﬂﬂ;tmﬂ-_(*-:-’_’_).{
1008 - 44

-".-" -"_-.‘.-"l-—-"-'-l

J15506 — 4847028 - 4

1]

- -



elation for the following data:

of corT

Solutior




Cﬂ rrf laﬂoﬂ Aﬂﬂlys A

| nle 10. Ten competitors in a beauty contest are ranked by three judges in the fol
ordcr

ing the rank correlation method, discuss which pair of judges has the nearest
approach to common taste in beauty?
Let R, Rz and R; be the ranks given by three _]udges
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1. therefore, the pair of judges first and third hag

tes in beauty.

marks obtamed by 9 students 10 tWO SUbJGCtS A and B are given b
l

Example 11. The
 Marks | 35 | 23 47 |17 |10 43 | 6 28
inA
Marks | 30 133 |45 23 49 12 3]
n B |

o Compute the rank correlatlon coefficient.
olution  H
ere the marks are glven First find the ranks and then difterences.

S 58
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=]1-——=1-0.1=0.9
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ccample 12. Calculate the rank correlation coefficient from the following data:
T m m [0 o [6] 66 2] s
l--nn o

dlfferenoes

Solution

X Y | Ranks | Ranksin | d=R;-R;
in Y (R>) l

| X Ry _ .
l 13 3 5.5 2.5
13 5 5.5 l 0.5
l 24 i 4 [y e

9 6 10 | 85 .1 15

16 1 15 8| 4 4

6 | 4 g | 10 ' 2

65 20 L |2 1

24 9 6 | 7 -]

16 | 6 8 8.5 l 0.5

57 | 19 2 3 |

In series x, 16 is repeated 3 times, hence my =3. In series y, 13 and
times each, hence ny = 2 and 3 = 2.

Therefore, the correlation coefficient for repeated rank is given by "

e 5 ml(m,2 —1) m2(m% —1) m3(m§' —1)
DI s B P L B L i B
12 12 12

n(n2 -1)

3(32 -1, 22°-1) 2% -1)
12 12 12
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l 6||40 +0.5 +0.S|

- 1320

=‘__§j4_6_=0359

1320

Calculate the Spearman’s rank correlation coefficient.
slution Here. the values of x and y are given and n=10. First find the ranks and then

Since in scores, 55 is repeated 2 times, thus my =2.
in 1.Q., 140 and 110 repeated 2 times each, thus m, = 2 and my =3

and 100 is repeated 3 times, hence my = 3.
Therefore, the correlation coefficient for repeated rank is given by




| If the number of observation is 10 and correlation coefficient is 08 8=,
significance of correlation. '

Ans. hghve

2 Kard !'m’s coefficient 'of correlation between two variables X and ! 5.
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3. If the number of observation is 1 _
significance of correlation. nis 100 and correlation coefficient is Us &
\

vation . . R
s 10 and correlation coefficient is 04 &

the valye ¢
Mh - o mlﬁﬁon - . N
- m %h which c:’el?-l(:lﬂﬂ as U.: ;.-.

i€

e

1S




Find the coefficient of correlation for the following data:
g, Find the O

n:]3,2x:117,§:y=260, sz =1313, ZyZ = 6580, ny=2827

The coefficient of rank correlation between marks in Statistics and marks in
. obtained by certain group of students is 0.8. If the sum of squares of the differences in
narks is 33, find the number of students in the group.

"'u‘-:r

'1. The correlation coefficient between x and y for 20 items is 0.3. Mean of x 1s 15 and

of y is 20 while standard deviations for x and y are 4 and 5 respectlyely. At tha time

m
o il | e | g
. - - .

17 The coefficient of rank correlation of the marks obtained by 10 students in. Sta .,:i -i.'.i#.
Mathematics was found to be 0.5. It was then detected that the difference in ranks in the

]
e — . T e
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two subjects for one particular student was wrongly taken to be 3 in place 7. What
should be the corrected rank correlation coefticient?

13. Calculate the Karl Pearson’s correlation coefficient from the following data:

vy [ s o [ e |19 | 17 | 18

14. Calculate the Karl Pearson’s correlation coefficient between height of father and height of
son from the following data: ~ __ - | _ gt
Height of father

(in inches)
Height of son
(in inches)

I5. Calculate the Karl Pearson’s-correlation coefficient from the following data using 20 as
the working mean for price and 70 as the working mean for demand: .

6. Calculate the correlation coefficient from the following results:
n=10, Y =140, ¥y =150, Tx-102 =180, ¥(v-15)* =215, 3 (x~ 10Ky ~15)=60.

f
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15. Calculate the coefficient of rank correlation from the following data: .

follows:

’ ' - I

Calculate the coefficient of rank correlation

Ans. 0.754, there is high degree of positive correlation.
28. Two housewives were asked to express their preferences to different kinds of washing
powders. The ranks assigned by them were: '




Calculate the rank coefficient correlation

i
*3. The marks of the same 15 students in two different subjects X and Y are given &
(13, 13),(14,12), (13, 14), (12, 5), (11, 9), (10, 15), (9, 11),
%(5,4).4,6),3,2), (2. 7), (1. 10),
formula to find rank correlation coefficient.
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ble in a bivariate distribution are correlated, then points in scatter diagram will be

r less concentrated round a curve. This curve is called the curve of regression. 11 the cu ve
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ble and the other as a dependent variable. Therefore, there are two regression
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eds the slope and intercept that make a straight line best fit to our data. The regression line

on x is drawn in such a way that it minimizes the total of squares of the vertical deviations anc
ihe line of x on y minimizes the total of squares of the horizontal deviations. |
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2.11 Lines of Regression ' I .

Let the equation of line of regression of y on x be
y=a+bx

then y=a+bx

Now subtracting (2) from (1), we have
y—y=b(x—X)
The normal equations for the equation (1) are .

| Zy=na+bz.x
ny=aZx+be2

Shifting the origin to (%,7 ), (4) becomes |
Y (x=Z)y-y)= aZ(x“f)Jbe(x“f)z

We know that
o Cov.(x,Y)
' 0.0, ’
I, = .
— ) (x=x)y—y)
0,0,
Where Z(x — f) =( and 0'_3 s _{_ 2 D
n
From (5), we have
nrcr,cry =00% b.naf of h=r ag,
O

X
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Note : The line of regression of y on X is used to estimate the value of y for gven'™

Ihe line of regression of X on y is used to estimate the value of x for given value of ¥




Carrelation Analysis
¢ will be positive (+ve) if b, and b, are positive, r will be negative (-ve) if b

Note:

b are negntlve
7. The arithmetic mean of the regression coefficients is greater than or equ al t

Property
coefficient of correlation 1.e.,
O b
__...___E}:. 2 y
2
proof We know that the two regression coefficients are
o ag.
b, =r—=and b, =r—=
. _, b, +b,,
NOW, Arithmetic mean = -———2—'—— 2F
(028 o
p—2 4 pr—*
0} o
or __.{..____'Z_ 2 y
2
a . o
or L 4L 220
Gy Oy
/ 7 5 ]
or e [crJr + 0o, —20,0,{20
0,0,
or o, —o,| 20 which is true
0.0,
. by + Dy, % 3
D

Property 3. If one of the regression coefficient is greater than unity, the other must be
than unity i.e , If b, >1then b, <1.

Proof The two regression coefficients are b, and b, .
/

Let b, > 1 then — < /
yx
We know that byx x bzy = 7’2 < lor b},‘,t X b.w < lor b,,y S-b—l— <l
My

Similarly, if b,, >1then b, <1.
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relation Analysis
1led the regression line. The standard error of estimate of y and x is give

:
where v and xare the original values and y, is the estimated values and # 1s numMbEr Ok
_ _ |
observations.
0 S | y
¢ Unexplained Variation in X
I :
The simpler way to find the values of S, and §,, is as follows:

and

The standard error of estimate measures the accuracy of the estimated figures. Thus

whenever the value of the standard error of estimate is small, the dots of the scatter 1 diagram

‘ will be closer to the regression line. If the value of the standard error is zero, then t a= 1
Vmanon about the line and the correlatlon will be pertect. -

Illustratlve Examples

E‘“‘”Ple 1 The two regressmn lines of the variables x and y are:
x=1913-0.87y and y=11.64—0.50x
Find :
i) mean of x and mean of'y
ii) correlation coefficient between x and 'y

(i) Since the mean of x and mean of y lie on the regression lines, we have
| ¥=1913-087y or X +0.87y=19.13
i and J=11.64 - 0.50% or 0.50x +y = 11.64




(r is negative, since by and b aep,

information on values of two variables x and v, find &
the correlation coefficient between x and y.

)’ =410, ny- 200,

Evamle ), m the muawtnz
 repression lines and

-, - W8I0, E*“ 20, Zy = 40, E,x’ =240, y

y

: 3
'mxm-(za)z 24--4 5

!31-r

4 Lo ({ ? ﬂ f

10%410-(40)°
-d T P

20x40 ! 208 12
4] 16 25

I-IJ'-'

L
r




marks in Mathematics (y) i1s 30_1 —50x+1 800 0. The mean marks in Mathematics

s 60 and varniance of marks in Statistics is (-;—2) of the variance of m
J
Mathematics. Find the mean marks in Statistics and the coefficient of correlation
between marks in the two subjects.
Solution Since the given line of regression is x on y so we have
30y —50x+ 1800=0.
3 180 3
ESESFT =P+
5 >3 5
3 s}
We have b — =y
5 g,
= - 16
Given variance of x= L—-;— } variance of y
23 )
_mriance ofx_/r;;/ ]6 :‘5:; 4
variance of y /Jf} 25 c, J
S0, izrxi :,‘>r=—?-=0.75
J 3 | 4

(b, is positive, r is positive)
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s y=Xx" 5= Dy (L(}{“:ﬁ}ﬁiﬂ’:q
g 94 o Ca;‘f@la!
=94 18 x=—y4+ 27 T
16" ¢
(coefficient of y)

9 I _075 (rispositive,since b, & ., are Do

y = Ix'}’g 1 4
(’}?5‘] il
| h. XO , |
g _M: :3 't
bxyr;]‘m-ﬁ*:?O'x"" ) (3) (0'
g, e
4
r _Cov.(x,¥)
O'_K-CT},
_ 3
= Cov,(x,y)zrxo'xxo'y=-Z-><3><4=9.
Example 5. The equations of two lines of regression are 4x + 3y +7 =0 and 3x+4y+;

Find
) the mean values of x and y




rrelation Analysis

C . ,
(ii) Let the regression line of y on x be

3x+4y+8=0o0r y= —%x ot (coefticient of x)

and the regression line of x on 'y be
| 3 7

I +7=0o0or x=——y——
4x+ 3y 4y 7

xy

b, = —-3— (coefficient of y)

. 3 3 9
Since b, xb,, =—-Z><—-;=—1-g<]
Hence, the choice of regression lines is correct.
3 3
So b);t =_:I- and bxy =-:{-

(i) We know that r =+, /bp‘, xb,,

(:_3.}{:}_]_ —+2 =075
4 )\ 4) 4

(r is negative, since 0, and b,, are negative)

r==x

(iv) We have o’ =16 =0, =4
| | O
Now, b= - or r——= _J
- g, =
N o, :
4 2 4
(v) Since we have to find y when x is given, we use line of regression "
3 |
j=——X—2
YT
Putting x =15, we have
y =—'—§-x 15-2=13.25

If the correlation coefficient between x and y is found to be 0.81, then find the o
regression equations that are associated with the above values. T







1ation Analysis
Hence we can conclude that the equation 16x — 6y + 60 =0, is the equation of y on X

;S

Corre

16 6(0) 8 :
j = — Y + — = y=—y+ 10
V p V 5 Y 3}’
- 0. _8 '
thus o, 3

and the equation xonyas 30x-=9y-=150=(

thus P e

= r=0.894

Example 8. Find the means of the variables x and y and the correlation coefficient for the
following.

Regression equation of y on x is: 2y =x+ 350 and

Regression equation of x ony is: 3y=2x+ 10

Solution  Means of x and y is obtained by solving the given equations and obtaini

of x and y.
2y=x+30 () .
Jy=2x+10 .. (1i) o
I Multiplying equation (i) by 2 and subtracting equation (ii) from it, we :
y=90=0 = y=90 = y=90

Now substituting the value of y =90, in equation (i), we get
180-x-50=0 = -x=-180+50 = x=130
So the mean values are 130 and 90 respectively for x and vy.

Now 2y =x+ 50

= byx = _0, 5

and 3y =2x+10
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So, the line of regression of y on x 1s
y-y=b,(x=X)
y=30=~1(x-30)
y=50-x+30
y==x+80

(250)°

and the line of regression of X on y is
x=b,,(y-Y)
x=30==ly—-350)
x=—-y+80

To estimate the value of y when x is given, we use the line of regression of y on:
5.1 -

y==x+80
Now, substitute x = 35, we have ,
y==35+80=45 .'

Example 1],

Obtain a regression plane by using multiple linear regression:

below:
"'"'
-I HLE
““ - “
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equations (2), (3) and (4) becomes
84 = 400 +1oa, +602

240 = 10a, + 30a, + 20a;
156 =6a, +20a, +14a,
On solving these equations, we have
a,=10, a,=2and a, =4
Putting these values in equation (1) we have 1
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162
. The W egression lines of the variables x and y are:
4x+y~9=0andx+9y - 11=0
Find the means and correlation coefficient between x and y
A"S: LL'

2. Find the line of regressions for the foilowing data:

h=3, Zx=6, Zy=15, Z.x" =14, Zy2 =77, nyzj'i

. . Ans. y =0.5x+4 and x=F
). Find the line of regressions for the following data:

n=J, Zx=30, ZJ’:‘#O, Z*xé = 220. Zyz =340 Zl},: 214

Ans. y=0.537x+6.38 and \“

1 0.



' Two random variables have the regression lines Jx+ 2y ~26=0 and 6x+y-3]=00F
b tht mean values of x and y and the coefticient of correlation. If the variance of x is 25,4k
" o of y from the data given.

gtandard deviation

Ans. x=4,y=7,0, =15, r=

s

¢ Find the regression line of x on y and estimate the value of x, when y = 5 from the fo lowi

data

25 Y x=125 ) y=100, Y x? =1650, y* =1500. ) xy =50,
9 146 _

——

Ans. 3 = ——y+——389
Vs p.54

o Find the regression coefficient b, for the following data:

n=6Y x=30Y y=423x =184 y' =318 ) xy =199

= H - |

11. The correlation coefficient between the variables x and y is r=0.60, if oy =4

¥ = 10,7 = 20. Then find both the equation of the regression lines.
Ans. v =0.8x+12; x =045y

12. Find the line of regression of y on x for the following data:

2] 1 | 3 [ a4 | 6 | 8

.-—F—-'-=='—_'_---=_—

'3. Find the regression lines for the following data:

| x| 6 BERE I e
| Cy ] e | w3 s

‘ Ans. y = 11.9- 0.65x;% = 162




dyis found to be 0.80, then ;"'_[_;f'ﬂat 1'_
'« Rs 15,000 and estimate the yg),,.

)
|

for ¥

Curve fitting means an exact relationship between two Ya{'iables by algebraic equ
relationship is the equation of the curve. Therefore, curve fitting means 1o form an tg
the curve from the given data. Curve fitting has very much importance in theorefica/s.
practical statistics.

Theoretically, it is useful in study of correlation and regression and particularly =
o represent the relationship between two variables by simple algebraic expres
polynomials, exponential or logarithmic functions.




{nalysis
Correlafic? £ D

ting of 8 Straight Line by Method of Least Squares

4+ brbe the straight line to be fitted to the given datafx,,y, ), {5 12,...n
determine *a’ and ‘b’ 5o that the line is the line of best fit.

17
Let ¥°
Fubmi‘m
pix.N/¢
wocting the line in atQ . Abscissa of () 15 x and since (), lies on the line. its orl
o+ br . Hence the coordinate of () aref{ x,,a+ bx, ).
PU =PR-UR

= v, —(a+bx, ) is called the error of estimate or the resida

be any general point in the scatter diagram. Draw F K perpendicular 10 ¥

fr v . According fo the principle of least squares, we have to determine a and b so that

S =§ﬂ:l'P,Q,j3 =i(y, -a—-bx,):

i=f jos |

5 menymum. .
From the principle of maxima and minima, the partial derivatives of S, with resg otto g &

b should vanish separately, 1.e.,

oS g

— =) :»—QE(- -a-bx, )=

. - V. =d—=0DX, ) ()

aS 1

— = {) = ~2 ; (y, ~a—-b - =
ob tod it x')(x;) 4

These equations are known as the normal equations for ¢stimating ¢ and b

“kmi-'; : i.‘_;r ‘ iy‘ and i’t‘y‘ can be obtained from the given

"‘ l-J fu i T

{
;.?.1. i= 12 nand the normal equations can be solved for ¢ and 5. Wid
b % obtsined equation y = a + bxis the line of bes fit to the given set of p

171 Effect of Change of Origin and Scale
Sumetimes the magnitude of the variables in the given data is so big th
“ome very much tedious. The size of the data can be considerably reduced by
"IVenient origin for x and y series in the given data The problem is further siy
“able scale when the values of x are given at equally spaced intervals




Solution Let the straight line of best fit be
y=a+bx

The normal equations are

he method of least squares to thﬁe_follo\ii_ng data

'_H'
e ———————




Now the equations (2) and (3) becomes
16.9 =5a+ 10b
47.1=10a+ 30b

On solving these equations, we have a=0.72 and b=1.33 ;'
putting these values in (1), we get the straight line as
y=072+133x
Example 2. Fita straight line by the method of least squares to the following data:

S

| x| U |2 |8 ] 4
I Solution Here, n=J i1.e.,oddand h=1.

LY

Thus, we take ' u ; x—J3
Let the equation of straight line be
y=a+bu

The normal equations are

1 H
Z Yy, =na-+ bz 7
i=] i=1
- n | 7 -
“and > uy,=a) u+by u
=/ =1 =4

Now, where ~ » =3 and the normal equations can be solved by using the values of

Zu,z y,Zz,o:2 and ) uy are calculated in the following table:

Calculations for Normal Equations

Now the equations (2) and (3) becomes
855=5a+0xb

1 | 910=0xa+10b

On solving these equations, we have a=1[7land b= 9]



